Lovász (1965) characterized graphs without two vertex-disjoint cycles, which implies that such graphs have at most three vertices hitting all cycles. In this paper, we ask whether such a small hitting set exists for S-cycles, when a graph has no two vertex-disjoint S-cycles. For a graph G and a vertex set S of G, an S-cycle is a cycle containing a vertex of S.
Introduction
In this paper, we consider finite graphs that may have loops and multiple edges. Erdős and Pósa [5] proved that for every graph G and a positive integer k, G contains either k vertex-disjoint cycles or a vertex set of size Opk log kq hitting all cycles. This celebrated paper stimulated many researcher to find other classes that satisfy a similar property. We say that a class C of graphs has the Erdős-Pósa property, if there is a function f : Z Ñ R such that for every graph G and an integer k, either G contains k vertex-disjoint subgraphs each isomorphic to a graph in C, or it contains a vertex set of size at most f pkq hitting all subgraphs isomorphic to a graph in C. We now know that several variations of cycles have this property: long cycles [2, 3, 7, 13, 18] , directed cycles [17, 9] , cycles with modularity constraints [8, 19] , holes [11] , S-cycles [3, 10, 14] , and pS 1 , S 2 q-cycles [8] . Sometimes, a variation of cycles does not have the Erdős-Pósa property. For instance, odd cycles do not have the Erdős-Pósa property [16] , and pS 1 , S 2 , S 3 q-cycles do not have the Erdős-Pósa property [8] . We refer to a recent survey of Erdős-Pósa property by Raymond and Thilikos [15] .
For small values of k, we may ask to find the least possible value of f pkq. For ordinary cycles, Bollobás (unpublished) first showed that when a graph has no two vertex-disjoint cycles, there are at most three vertices hitting all cycles, which gives a tight bound. The complete graph K 5 has no two vertex-disjoint cycles but we need to take at least three vertices to hit all cycles. Lovász [12] characterized graphs without two vertex-disjoint cycles, which easily deduces that such graphs have at most three vertices hitting all cycles. Voss [20] showed that when a graph has no three vertex-disjoint cycles, there are at most six vertices hitting all cycles, which gives a tight bound.
• In Section 7, we prove that when G contains an S-cycle W 4 -subdivision, either G has an S-cycle K3 ,3 -subdivision or it has an S-cycle hitting set of size at most 4.
• In Section 8, we prove that when G contains an S-cycle K3 ,3 -subdivision, G has an S-cycle hitting set of size at most 4.
Preliminaries
For a graph G, we denote by V pGq and EpGq the vertex set and the edge set of G, respectively. Let G be a graph. For a vertex set S of G, let GrSs denote the subgraph of G induced by S, and let G´S denote the subgraph of G obtained by removing all the vertices in S. For v P V pGq, let G´v :" G´tvu. Similarly, for an edge set F of G, let G´F denote the subgraph of G obtained by removing all the edges in F , and for e P EpGq, let G´e :" G´teu. If two vertices u and v are adjacent in G, then we say that u is a neighbor of v. The set of neighbors of a vertex v is denoted by N G pvq, and the degree of v is defined as the size of N G pvq. For two vertices v, w in G, we denote by dist G pv, wq the distance between v and w in G; that is, the length of a shortest path from v to w in G. Two subgraphs H and F of G are vertex-disjoint, or disjoint for short, if V pHq X V pF q " H. For two graphs G and H, G Y H denotes the graph pV pGq Y V pHq, EpGq Y EpHqq. A subdivision of H (H-subdivision for short) is a graph obtained from H by subdividing some of its edges. For an H-subdivision W , the vertices of H in W are called the branching vertices of W , and a path between two branching vertices that contains no other branching vertex is called a certifying path of W .
Rooted graphs
A pair pG, Sq of a graph G and its vertex subset S is called a rooted graph. An S-cycle subgraph of a rooted graph pG, Sq is a subgraph whose every cycle is an S-cycle. In particular, an S-cycle H-subdivision is an H-subdivision whose every cycle is an S-cycle.
For a subgraph H of G, a path P with at least one edge is called an H-path if its endpoints are contained in H but all the other vertices are not in H, and it is not an edge of H. For two subgraphs F 1 and F 2 of H, an H-path is called an pH, F 1 , F 2 q-path if its one endpoint is contained in F 1 and the other endpoint is contained in F 2 .
Given an S-cycle subgraph W , we say that a W -path X is a W -extension if W Y X is again an S-cycle subgraph.
Special graphs
Let m and n be positive integers. Let K n be the complete graph on n vertices, and let K m,n be the complete bipartite graph where one part has size m and the other part has size n. Let θ n denote the graph consisting of two vertices with n multiple edges between them. For n ě 3, let W n denote the graph obtained from a cycle on n vertices by adding a vertex adjacent to all the vertices of the cycle.
We define special graphs illustrated in Figure 1 .
• Let K3 denote the graph obtained from K 3 by adding a multiple edge to each of two distinct edges of K 3 . Let K`3 denote the graph obtained from K 3 by adding a multiple edge to each edge of K 3 . Let K``3 denote the graph obtained from K 3 by adding a multiple edge to each edge of K 3 and then adding one more multiple edge to an edge of the resulting graph. • Let K4 denote the graph obtained from K 4 by adding a multiple edge to an edge of K 4 . Let K`4 denote the graph obtained from K 4 by adding a multiple edge to each of two incident edges of K 4 . Let K``4 denote the graph obtained from K 4 by adding two multiple edges to an edge of K 4 .
• Let W4 denote the graph obtained from W 4 by adding an edge between a vertex of degree 4 and a vertex of degree 3. Let W4 denote the graph obtained from W 4 by adding an edge between two vertices of distance 2.
• Let K3 ,3 denote the graph obtained from K 3,3 by adding an edge between two vertices in the same part.
An example showing that three vertices are not sufficient
In this section, we prove Theorem 1.1.
There is a rooted graph pG, Sq on 21 vertices such that µpG, Sq " 1 and τ pG, Sq ě 4.
Proof. We define a graph G with a vertex set S " tx 1 , x 2 , y 1 , y 2 , z 1 , z 2 u as illustrated in Figure 2 . We first show that G has no two vertex-disjoint S-cycles. Suppose that G has two vertex-disjoint S-cycles C 1 and C 2 . By symmetry, we may assume that C 1 contains x 1 . Note that C 1 contains one of b 4 b 2 and b 4 v 2 , and similarly, it contains one of a 1 a 3 and a 1 v 1 .
In each case, we can observe that C 2 contains neither y 2 nor z 2 . As C 2 contains y 1 or z 1 , we can see that C 2 contains a path from c 4 to c 1 in Grtc 4 , y 1 , b 1 , b 3 , v 2 , x 2 , a 2 , a 4 , v 1 , z 1 , cus. Then C 2 has to contain v 3 as well. It implies that C 1´x1 cannot connect the part tb 4 , v 2 , b 2 , y 2 , c 3 u and the part ta 1 , v 1 , a 3 , z 2 , c 2 u, a contradiction. It shows that G has no two vertex-disjoint S-cycles. Now, we prove that G has no vertex set of size at most 3 hitting all S-cycles. Suppose T is a vertex set of size at most 3 hitting all S-cycles such that |T | is minimal. As each vertex in tx 1 , x 2 , y 1 , y 2 , z 1 , z 2 u has degree 2, we may assume that T X tx 1 , x 2 , y 1 , y 2 , z 1 , z 2 u " H.
Figure 2: A graph G with S " tx 1 , x 2 , y 1 , y 2 , z 1 , z 2 u where G has no two vertex-disjoint S-cycles, but it has no S-cycle hitting set of size at most 3.
If T contains no vertex in ta i , b i , c i : 1 ď i ď 4u, then T does not meet the S-cycle
So, T contains a vertex in ta i , b i , c i : 1 ď i ď 4u, and by symmetry, we may assume that a 1 P T .
Observe that any S-cycle in G´a 1 does not contain x 1 . Furthermore, in G´ta 1 , x 1 u, b 4 has degree 2, and its neighbors are adjacent. So, any S-cycle containing b 4 can be shorten using the edge b 2 v 2 . By the minimality of T , we have that T zta 1 u Ď V pGqzta 1 , x 1 , b 4 u and T zta 1 u intersects all S-cycles in G´ta 1 , x 1 , b 4 u. Let A " tv 1 , a 2 , a 3 , a 4 u, B " tv 2 , b 1 , b 2 , b 3 u, and C " tv 3 , c 1 , c 2 , c 3 , c 4 u. We claim that T zta 1 u is not contained in any of A, B, and
So, we may assume that T zta 1 u is contained in neither tc 1 , c 2 u nor tc 3 , c 4 u. Then there is a path from ty 1 , y 2 u to tz 1 , z 2 u in pG´T qrty 1 , y 2 , z 1 , z 2 u Y Cs. Since there is a path from y i to z j for any pair of i, j P t1, 2u in pG´T qrA Y B Y tx 2 , y 1 , y 2 , z 1 , z 2 us, we can find an S-cycle avoiding T zta 1 u, which is a contradiction. This shows that T zta 1 u is not contained in any of A, B, and C, and it implies that T zta 1 u consists of two vertices from distinct sets of A, B, and C.
As A and B are symmetric in G´ta 1 , x 1 , b 4 u, we may assume that either
• |T X A| " 1 and |T X B| " 1, or
• |T X A| " 1 and |T X C| " 1.
We divide into those cases, and for each case, we show that G´T contains an S-cycle, leading a contradiction.
• (Case 2-1. |T X A| " 1 and |T X B| " 1.) We show that ty 1 , y 2 u can be connected to tz 1 , z 2 u in pG´T qrA Y B Y tx 2 , y 1 , y 2 , z 1 , z 2 us. If
is still an S-cycle in G´T . So, a 2 is not in T . Then for any w P Azta 2 u, there is a path from x 2 to tz 1 , z 2 u. By the same argument, b 3 cannot be a vertex in T , and for any w P Bztb 3 u, there is a path from x 2 to ty 1 , y 2 u in G´T . This implies that there is a path from ty 1 , y 2 u to tz 1 , z 2 u in pG´T qrA Y B Y tx 2 , y 1 , y 2 , z 1 , z 2 us, and we can find an S-cycle by connecting through C.
• (Case 2-2. |T X A| " 1 and |T X C| " 1.) We show that x 2 can be connected to ty 1 , y 2 u in pG´T qrA Y C Y tx 2 , y 1 , y 2 , z 1 , z 2 us. If the vertex of T X C is c 1 or c 2 , then T does not meet the S-cycle v 2 b 2 y 2 c 3 v 3 c 4 y 1 b 1 v 2 . So, we may assume that T X C Ď tv 3 , c 3 , c 4 u.
is a remaining S-cycle, a contradiction. So, the vertex of T X A is contained in tv 1 , a 3 , a 4 u. Then there is a path from x 2 to tz 1 , z 2 u in pG´T qrA Y C Y tx 2 , y 1 , y 2 , z 1 , z 2 us, and we can connect to ty 1 , y 2 u along c 1 c 3 y 2 or c 2 c 4 y 1 .
Secondly, assume that T X C " tc 3 u. If T X A " ta 2 u, then
is a remaining S-cycle, a contradiction. So, the vertex of T X A is contained in tv 1 , a 3 , a 4 u. Then there is a path from x 2 to tz 1 , z 2 u in pG´T qrA Y C Y tx 2 , y 1 , y 2 , z 1 , z 2 us, and we can connect to y 1 along c 1 v 3 c 4 y 1 or c 2 c 4 y 1 .
Lastly, assume that T X C " tc 4 u. If T X A " ta 2 u, then
is a remaining S-cycle, a contradiction. So, the vertex of T X A is contained in tv 1 , a 3 , a 4 u. Then there is a path from x 2 to tz 1 , z 2 u in pG´T qrA Y C Y tx 2 , y 1 , y 2 , z 1 , z 2 us avoiding T , and we can connect to y 2 along c 1 c 3 y 2 or c 2 v 3 c 3 y 2 .
Thus, we can find an S-cycle connecting through B.
We conclude that G´T contains an S-cycle. It contradicts our assumption that T is an S-cycle hitting set.
4 Basic lemmas for Theorem 1.1
In this section, we introduce some necessary notions and prove basic lemmas regarding S-cycle H-subdivisions.
Paths with specified vertices
Let pG, Sq be a rooted graph and P be a path with endpoints v and w. We define P mid as the shortest subpath of P´tv, wu containing all the vertices of pV pP qztv, wuqXS. If P´tv, wu contains no vertex of S, then it is defined to be the empty graph. The endpoints of P mid will be called the gates of P . For an endpoint z of P , the component of P´V pP mid q containing z is denoted by P z . See Figure 3 for an illustration. We frequently use the following lemma. Lemma 4.1. Let pG, Sq be a rooted graph with µpG, Sq ď 1, and let W be a subgraph of G. Let P be a path of W whose all internal vertices have degree 2 in W such that P mid is non-empty, W´V pP mid q contains an S-cycle, and G has no pW, P mid , W´V pP mid qq-path. Let a and b be the gates of P . Then the following are satisfied.
(1) ta, bu separates P mid from W´V pP mid q in G.
(2) If G has an S-cycle C containing a vertex of P mid , then C contains both a, b and it also contains a vertex of P v for each endpoint v of P . Furthermore, if C does not contain an endpoint v of P , then C contains a pW, P v , W´V pP v qq-path.
Proof. (Proof of (1)) Suppose that ta, bu does not separate P mid and W´V pP mid q in G. Then a shortest path from P mid to W´V pP mid q in G´ta, bu is a pW, P mid , W´V pP mid qq-path, a contradiction.
(Proof of (2)) By (1), ta, bu separates P mid and W´V pP mid q in G. Let U be the connected component of G´ta, bu containing P mid´t a, bu.
If C is fully contained in GrV pU q Y ta, bus, then it is vertex-disjoint from an S-cycle in WV pP mid q given by the assumption. It means that C is not fully contained in GrV pU q Y ta, bus and it contains both a and b. Now, let v, w be the endpoints of P such that dist P pa, vq ď dist P pb, vq. As C is not fully contained in GrV pU q Y ta, bus, a has a neighbor in C that is not contained in V pU q Y ta, bu. Let a 1 be such a neighbor. Assume that a 1 is not the neighbor of a in P . Then following the direction from a to a 1 in C, either C meets W on exactly a or we can find a pW, P mid , W´V pP mid qq-path. In both cases, they contradict with the given assumption. Therefore, a 1 is the neighbor of a in P , which further implies that C contains a vertex in P v .
Lastly, suppose that v R V pCq. By the symmetric argument, C also contains a vertex in P w . As C´pV pU q Y ta, buq is connected, there should be a path from P v to P w in G´pV pU q Y ta, buq. As v R V pCq, it implies that there is a pW, P v , W´V pP v qq-path. Lemma 4.2. Let pG, Sq be a graph such that G contains an S-cycle subgraph W . Let C be a cycle of W and v, w P V pCq and P be a pW, Grtvus, Grtwusq-path such that
• for the two cycles C 1 and C 2 of C Y P other than C, W has two cycles C 1 1 and C 1 2 where C i is vertex-disjoint from C 1 i for each i P t1, 2u.
Then G has two vertex-disjoint S-cycles.
Proof. Since W is an S-cycle subgraph, one of C 1 and C 2 is an S-cycle. If C i is an S-cycle, then C i and C 1 i are two vertex-disjoint S-cycles.
Finding an extension for S-cycle subgraphs
As explained in Section 1, we will recursively find a larger S-cycle subgraph. The following lemma describes a way to find an extension.
Lemma 4.3. Let pG, Sq be a rooted graph with µpG, Sq ď 1. Let W be an S-cycle subgraph of G and T Ď V pW q X S be an S-cycle hitting set of W . If G´T contains an S-cycle C, then either |V pCq X V pW q| " 1 or C contains a W -extension.
Proof. Suppose that G´T contains an S-cycle C. Because µpG, Sq ď 1, C has to intersect W . We may assume that |V pCq X V pW q| ě 2; otherwise, we have the first outcome. Suppose that C contains a W -path X containing a vertex of S. Then clearly, W Y X is an S-cycle subgraph, because every cycle in W YX going through X contains a vertex of S. Therefore, we may assume that C contains no W -path X containing a vertex of S, which implies that it has to contain a vertex of S X V pW q. Let v be a vertex of S X V pW q contained in C.
Observe that W´T is a forest, because W is an S-cycle subgraph. Let F be a connected component of W´T that contains v. As F is a tree, either v has degree 1 in F , or F´v is disconnected.
Let v 1 and v 2 be the two neighbors of v in C. Suppose one of them, say v 1 , is in G´V pW q. Then following the direction from v to v 1 in C, we can find a W -path R whose one endpoint is v. As v P S, W Y R is an S-cycle subgraph. Thus, we may assume that v 1 , v 2 P V pW q. Note that they have to be contained in distinct connected components of F´v.
Because v 1 and v 2 are contained in distinct connected components of W´pT Y tvuq and C´v is connected, there should be a W -path Q whose endpoints are contained in distinct connected components of W´pT Y tvuq. Then W Y Q is an S-cycle subgraph. This is because every path connecting two endpoints of Q in W has to meet at least one vertex of T Y tvu Ď S.
This concludes the lemma.
In the proof of Theorem 1.2, we will assume τ pG, Sq ą 4 and obtain a contradiction. To apply Lemma 4.3 to find a larger S-cycle subgraph, we need to find a set T in the lemma that has size at most 4. Lemma 4.5 is useful to find such a small hitting set.
Lemma 4.4. Let G be a connected graph and F Ď EpGq such that every cycle of G contains an edge of F . Then G contains an edge set X Ď F such that |X| ď |EpGq|´|V pGq|`1 and G´X has no cycles.
Proof. We prove by induction on |EpGq|. We may assume that G has a cycle; otherwise, we may take X " H as 0 " |EpGq|´|V pGq|`1. Let C be a cycle of G, and let e be an edge in F X EpCq. Note that G´e is still connected, and every cycle of G´e contains an edge of F zteu. By induction hypothesis, G´e contains an edge set X 1 Ď F zteu such that
and G´e´X 1 has no cycles. Thus, X " X 1 Y teu is a required set of edges.
We can translate Lemma 4.4 for S-cycle subgraphs.
Lemma 4.5. Let pG, Sq be an S-cycle H-subdivision for some connected graph H. Then G contains a vertex set U Ď S such that |U | ď |EpHq|´|V pHq|`1 and G´U has no cycles. u w Figure 4 : K``3 is nice because it has no two vertex-disjoint cycles, but if we subdivide two edges and add an edge uw as in figure, then we have two vertex-disjoint cycles.
Proof. Observe that a vertex v of S in G hits all cycles along the certifying path containing v. Let F be the set of edges of H corresponding to the certifying paths of G containing a vertex of S.
By Lemma 4.4, H contains an edge set X Ď F such that |X| ď |EpHq|´|V pHq|`1 and H´X has no cycles. By taking a vertex of S for each certifying path corresponding to an edge of X, we can find a vertex set U Ď S such that |U | ď |EpHq|´|V pHq|`1 and G´U has no cycles.
The following lemma is another application of Lemma 4.3.
Lemma 4.6. Let pG, Sq be a rooted graph with µpG, Sq ď 1 such that G contains an S-cycle Hsubdivision W for some graph H. Let T Ď V pW q such that G´T has no S-cycle intersecting W on at most 1 vertex, and it has no W -extension. If G´T has no S-cycle containing a vertex of S X V pW q, then T is an S-cycle hitting set of G.
Proof. Suppose that G´T has an S-cycle C and assume that C does not meet any vertex of S X V pW q. Then by Lemma 4.3, it meets W at one vertex, or it contains a W -extension avoiding T . But this contradicts the assumption.
Nice graphs
We say that a graph H is nice if H has no two vertex-disjoint cycles, but for any two distinct edges of H, if we subdivide these edges once and add an edge between the new subdivided vertices, then the obtained graph has two vertex-disjoint cycles. See Figure 4 which depicts why K``3 is nice. Nice graphs have an additional property that for every edge e 1 , there is a cycle that does not contain this edge. This is because if one choose another edge e 2 and subdivide both edges and add a new edge between two subdivided vertices, then we have two vertex-disjoint cycles. Clearly, one of them does not contain the subdivided vertex from e 1 , so originally, it does not contain e 1 .
We mainly use the observation that K``3 and K`4 are nice. This notion is useful in the following sense.
Lemma 4.7. Let H be a nice graph and let pG, Sq be a graph such that G contains an S-cycle H-subdivision W .
1. Let P 1 and P 2 be two distinct certifying paths of W and X be a pW, P 1 1 , P 1 2 q-path that is a Wextension where for each i P t1, 2u, P 1 i is the path obtained from P i by removing its endpoints. Then G has two vertex-disjoint S-cycles.
2.
G contains an S-cycle C that intersects W on exactly one vertex which is an internal vertex of a certifying path. Then G has two vertex-disjoint S-cycles.
Proof. The first statement is clear from the definition of nice graphs, and the second statement is clear from the additional property of nice graphs.
Setting
In Sections 5 to 8, we will prove Theorem 1.1, based on lemmas proved in this section. In these sections, we fix a rooted graph pG, Sq and suppose that µpG, Sq ď 1 and τ pG, Sq ą 4. From this, we derive a contradiction at the end. In most of lemmas, an S-cycle H-subdivision W for some H will be given. For convenience, we will call a pA, Bq-path for a pW, A, Bq-path.
Reduction to a K 4 -subdivision
In this section, we show that G contains an S-cycle K 4 -subdivision. First we show that it contains an S-cycle H-subdivision for some H P tK``3 , K 4 u, and in the case when it contains an S-cycle K``3 -subdivision, we prove that τ pG, Sq ď 4.
Proof. We first show that G contains an S-cycle H 1 -subdivision for some H 1 P tK3 , θ 3 u. As τ pG, Sq ą 4, G contains an S-cycle. Let C 1 be an S-cycle of G, and v P S X V pC 1 q. Again since τ pG, Sq ą 4, G´v also contains an S-cycle, say C 2 . Since v P S, by Lemma 4.3, either C 1 and C 2 meet at exactly one vertex, or C 2 contains a C 1 -extension X 1 . In the latter case, we have an S-cycle θ 3 -subdivision. Thus, we may assume that C 1 and C 2 meet at exactly one vertex. Note that C 1 Y C 2 can be seen as a subdivision of the graph on one vertex with two loops. Let v 1 be the intersection of C 1 and C 2 . By Lemma 4.5, C 1 Y C 2 has an S-cycle hitting set
As τ pG, Sq ą 4, G´pT 1 Y tvuq contains an S-cycle, say C 3 . By Lemma 4.3, either C 3 and C 1 Y C 2 meet at exactly one vertex, or C 3 contains a pC 1 Y C 2 qextension X 2 . In the former case, we have two vertex-disjoint S-cycles, a contradiction. In the latter case, the endpoints of X 2 have to be contained in distinct cycles, otherwise, we have two vertex-disjoint S-cycles. Thus, G contains an S-cycle K3 -subdivision, as required.
In the next, we show that G contains an S-cycle H 2 -subdivision for some H 2 P tK`3 , K 4 u. We know that G contains an S-cycle H 1 -subdivision W for some H 1 P tK3 , θ 3 u.
Suppose that W is an S-cycle K3 -subdivision. Note that |EpK3 q| " 5 and |V pK3 q| " 3. Thus, by Lemma 4.5, W contains an S-cycle hitting set T 2 Ď S X V pW q of size at most 3. Let w be the vertex incident with four edges in W , and let v 1 , v 2 be the two other branching vertices. As τ pG, Sq ą 4, G´pT 2 Y twuq contains an S-cycle, say C 4 .
By Lemma 4.3, either C 4 and W meet at exactly one vertex, or C 4 contains a W -extension X 3 . In the former case, there are two vertex-disjoint S-cycles. So, the latter case holds. If the endpoints of X 3 are contained in the certifying path between v 1 and v 2 , then W Y X contains either two vertex-disjoint S-cycles, or an S-cycle K`3 -subdivision. So, we may assume that one endpoint of X 3 is in the certifying path between w and v i , as an internal vertex. If the other endpoint is contained in the same certifying path, then we have two vertex-disjoint S-cycles, and otherwise, G contains an S-cycle K 4 -subdivision. Now, suppose that W is an S-cycle θ 3 -subdivision. Note that |Epθ 3 q| " 3 and |V pθ 3 q| " 2. Thus, by Lemma 4.5, W contains an S-cycle hitting set T 3 Ď S X V pW q of size at most 2. Let w 1 , w 2 be the branching vertices of W . As τ pG, Sq ą 4, G´pT 3 Y tw 1 , w 2 uq contains an S-cycle, say C 5 .
By Lemma 4.3, either C 5 and W meet at exactly one vertex, or C 5 contains a W -extension X 4 . In the former case, there are two vertex-disjoint S-cycles. So, the latter case holds. If the endpoints of X 4 are contained in the same certifying path, then W Y X 4 contains two vertex-disjoint S-cycles. Thus, the two endpoints of X 4 are contained in distinct certifying paths, and G contains an S-cycle K 4 -subdivision.
Lastly, we show that if G contains an S-cycle K`3 -subdivision, then it contains an S-cycle K``3 -subdivision. Suppose that G contains an S-cycle K`3 -subdivision W 1 . Note that |EpK`3 q| " 6 and |V pK`3 q| " 3. Thus, by Lemma 4.5, W 1 contains an S-cycle hitting set T 3 Ď S X V pW 1 q of size at most 4.
As τ pG, Sq ą 4, G´T 3 contains an S-cycle, say C 6 . By Lemma 4.3, either C 6 and W 1 meet at exactly one vertex, or C 6 contains an W 1 -extension. In the former case, we have two vertex-disjoint S-cycles. So, C 6 contains an W 1 -extension, say X 5 . If both endpoints of X 5 are branching vertices, then G contains an S-cycle K``3 -subdivision, and we are done. Thus, we may assume that one of the endpoints of X 5 is an internal vertex of a certifying path of W 1 . The other endpoint of X 5 is contained in the same certifying path, then we have two vertex-disjoint S-cycles. Otherwise, G contains an S-cycle K 4 -subdivision, as required.
be the branching vertices of W , and let P 1 , P 2 , P 3 be the certifying paths from v 1 to v 2 , and Q 1 , Q 2 be the certifying paths from v 2 to v 3 , and R 1 , R 2 be the certifying paths from
is nice and µpG, Sq ď 1, G´T has no W -extension and has no S-cycle meeting W on one vertex.
We claim that G´T has no S-cycle containing a vertex in S X V pW q. If this is true, then by Lemma 4.6, we conclude that T is an S-cycle hitting set and thus τ pG, Sq ď 3.
By applying Lemma 4.2, we can observe that in G´T ,
• there is no pP i , P j q-path for distinct i, j P t1, 2, 3u,
• there is no pQ 1 , Q 2 q-path, and
• there is no pR 1 , R 2 q-path.
Proof. It suffices to prove for i " 1. Suppose that an S-cycle H in G´T contains a vertex of P 1 mid . As G´T has no W -extension, there is no pP 1 mid , W´V pP 1 mid qq-path. Also, W´V pP 1 mid q contains an S-cycle.
together with a subpath of P 1 and a subpath in Figure 5 for an illustration. This is a contradiction. ♦
Next we show that no S-cycle in G´T contains a vertex of Q 1 mid when V pQ 1 mid q ‰ H . If this is true, then by symmetry, G´T has no S-cycle containing a vertex in S X V pW q.
Suppose for contradiction that G´T contains an S-cycle H containing a vertex of Q 1 mid . As in Claim 5.3, by Lemma 4.1, H contains a pQ 1
The case when the endpoints of X 1 and X 2 are not contained in
Then the dashed cycle formed with X 1 and X 2 is vertex-disjoint from P 2 Y P 3 .
in W´V pQ 1 v 2 q should be in P 1 Y P 2 Y P 3 ; otherwise, we can find an S-cycle vertex-disjoint from
Claim 5.4. Let i P t1, 2, 3u. If there is a pP i , Q 1 v 2 q-path in G´T , then any pP i , W´V pP i qq-path in G´T satisfies that its endpoint in W´V pP i q is contained in Q 1 v 2 .
Proof. Suppose i " 1 and there is a pP 1 , W´V pP 1 q´V pQ 1
3. It implies that there is an S-cycle avoiding P 2 YP 3 , a contradiction. So, G´T has no pP 1 , W´V pP 1 q´V pQ 1 v 2 qq-path. ♦ One can also observe that if there is a pQ 1 v 2 , Xq-path in G´T where
So, such a path does not exist. Let z P V pQ 1 mid q such that dist Q 1 pz, v 2 q is minimum. Let I Ď t1, 2, 3u be the set such that for i P I, there is a pP i , Q 1 v 2 q-path in G´T . By Claim 5.4, z separates p Ť iPI P i q Y Q 1 v 2 and the rest of W in G´T . But this contradicts the assumption that a given S-cycle contains a vertex of Q 1 v 2 and a vertex of Q 1 v 3 by Lemma 4.1.
6 Reduction to a W 4 or K3 ,3 -subdivision By Lemma 5.1 and Proposition 5.2, we know that G contains an S-cycle K 4 -subdivision. In this section, we prove that G contains an S-cycle H-subdivision for some H P tK`4 , K``4 , W 4 , K3 ,3 u, and in the case when G contains an S-cycle H subdivision for some H P tK`4 , K``4 u, τ pG, Sq ď 4.
Lemma 6.1. If G has an S-cycle K 4 -subdivision, then it contains an S-cycle H-subdivision for some H P tK`4 , K``4 , W 4 , K3 ,3 u.
be the branching vertices of W and for each i P t1, 2u, Q i be the certifying path from v i to v i`1 , and Q 3 be the certifying path from v 3 to v 1 , and for each j P t1, 2, 3u, R j be the certifying path from v 4 to v j .
Claim 6.2. The graph G contains an S-cycle H 1 -subdivision for some
Proof. Note that |EpK 4 q| " 6 and |V pK 4 q| " 4. Thus, by Lemma 4.5, W contains an S-cycle hitting set T Ď S X V pW q such that |T | ď 3. As τ pG, Sq ą 4, G´T contains an S-cycle, say C 1 . By Lemma 4.3, either C 1 and W meet at exactly one vertex, or C 1 contains a W -extension X 1 . In the former case, we have two vertex-disjoint S-cycles. So, we may assume that the latter statement holds.
If the both endpoints of X 1 are branching vertices of W , then it contains an S-cycle K4 -subdivision. Assume that exactly one endpoint of X 1 is a branching vertex. Without loss of generality, we assume that it is v 1 . If the other endpoint is contained in
Lastly, suppose that both endpoints are not branching vertices. If the certifying paths containing these endpoints share an endpoint, then there are two vertex-disjoint S-cycles. Otherwise, G contains an S-cycle K 3,3 -subdivision, as required. ♦
We repeat a similar argument to find a K`4 -subdivision or a K``4 -subdivision.
Claim 6.3. If G contains an S-cycle K4 -subdivision, then it contains an S-cycle H 2 -subdivision for some
Proof. Let W 1 be an S-cycle K4 -subdivision. Note that |EpK4 q| " 7 and |V pK4 q| " 4. Thus, by Lemma 4.5, W 1 contains an S-cycle hitting set T Ď S X V pW 1 q such that |T | ď 4. As τ pG, Sq ą 4, G´T contains an S-cycle, say C 2 . By Lemma 4.3, either C 2 and W 1 meet at exactly one vertex, or C 2 contains a W 1 -extension X 2 . In the former case, we have two vertex-disjoint S-cycles. So, we may assume that the latter statement holds.
If the both endpoints of X 2 are branching vertices of W 1 , then it contains an S-cycle K`4 -subdivision or an S-cycle K``4 -subdivision or two vertex-disjoint S-cycles. When X 2 has at most one branching vertex as an endpoint, by the same argument in Claim 6.2, we can find an S-cycle W 4 -subdivision or an S-cycle K 3,3 -subdivision. ♦
We show that the existence of an S-cycle K 3,3 -subdivision implies that there is an S-cycle K3 ,3 -subdivision.
Claim 6.4. If G contains an S-cycle K 3,3 -subdivision, then it contains an S-cycle K3 ,3 -subdivision.
Proof. Let W 2 be an S-cycle K 3,3 -subdivision. Note that |EpK 3,3 q| " 9 and |V pK 3,3 q| " 6. Thus, by Lemma 4.5, W 2 contains an S-cycle hitting set T Ď S X V pW 2 q of size at most 4. As τ pG, Sq ą 4, G´T contains an S-cycle, say C 3 . By Lemma 4.3, either C 3 and W 2 meet at exactly one vertex, or C 3 contains a W 2 -extension X 3 . In the former case, we have two vertex-disjoint S-cycles. So, we may assume that the latter statement holds.
Assume that the both endpoints of X 3 are branching vertices of W 2 . If both endpoints are contained in the same part of the bipartition of K 3,3 , then G contains an S-cycle K3 ,3 -subdivision. Otherwise, G has two vertex-disjoint S-cycles, a contradiction. Now, assume that at most one endpoint of X 3 is a branching vertex of W 2 . Let v, w be the endpoints of X 3 . Since one of v and w is not a branching vertex, W 2 has a path from v to w in W 2 containing at most one branching vertex from each of the bipartition. Thus, other 4 branching vertices with certifying paths between them provide an S-cycle disjoint from one created by X 3 and the path from v to w. So, G contains two vertex-disjoint S-cycles, a contradiction. ♦
We conclude that G contains an S-cycle H-subdivision for some H P tK`4 , K``4 , W 4 , K3 ,3 u. Figure 6 : The K`4 -subdivision in Proposition 6.5.
Next, we focus on the case when G contains an S-cycle K`4 -subdivision. Proof. Let W be an S-cycle K`4 -subdivision of G. Let v 1 , v 2 , v 3 , v 4 be the branching vertices of W , and for each i P t1, 2u, let Q i be the certifying path from v i to v i`1 , and Q 3 be the certifying path from v 3 to v 1 , and for each j P t1, 2u, R j 1 , R j 2 be the two certifying paths from v 4 to v j , and R 3 be the certifying path from v 4 to v 3 . See Figure 6 for an illustration. Let T be the set obtained from tv 1 , v 2 , v 4 u by
• adding a gate of Q 1 if V pQ 1 mid q is non-empty,
• adding a vertex w P S on Q 2 Y Q 3 where dist Q 2 YQ 3 pw, v 3 q is minimum, otherwise.
Clearly, |T | ď 4.
Recall that K`4 is nice. Observe that there is no W -extension in G´T whose one endpoint is v 3 ; if there is such an extension, then it creates an S-cycle disjoint from one of R 1 1 Y R 1 2 and R 2 1 Y R 2 2 . Also, there is no S-cycle meeting W on exactly v 3 . Thus, G´T has no W -extension and has no S-cycle meeting W on one vertex.
We will show that G´T has no S-cycle containing a vertex in S X V pW q. If this is true, then by Lemma 4.6, T is an S-cycle hitting set and thus τ pG, Sq ď 4.
By applying Lemma 4.2 appropriately, we can observe that in G´T ,
• there is no pR i 1 , R i 2 q-path for each i P t1, 2u,
• there is no pR i j , R 3´v 3 q-path for i, j P t1, 2u, and
• there is no pQ 1 , Q 2 Y Q 3 q-path.
Claim 6.6. Let i, j P t1, 2u. No S-cycle in G´T contains a vertex of pR i j q mid .
Proof.
It is sufficient to show for i " j " 1 by symmetry. Suppose that an S-cycle H in G´T contains a vertex of pR 1 1 q mid . As G´T has no W -extension, by Lemma 4.1, H contains a ppR 1 1 q v i , W´V ppR 1 1 q v i qq-path X i for each i P t1, 4u. If the endpoint of
, then one can find an S-cycle disjoint from R 2 1 Y R 2 2 . So, we may assume that the endpoint of X 1 is contained in Q 1 Y Q 2 Y Q 3 , and the endpoint of X 4 is contained in Figure 7 : The three paths X 1 , X 4 , X in Claim 6.6 of Proposition 6.5. The dotted S-cycle along
Without loss of generality, we may assume that the endpoint of X 4 is contained in R 2 1 . It implies that there is no ppR 1 1 q v 4 , R 2 2 q-path; otherwise, there is an S-cycle disjoint from one of
Similarly, there is no pR 2 1 , R 1 2 q-path. Because of X 4 , the endpoint of X 1 is contained in Q 3 ; otherwise, we can find an S-cycle disjoint from
. Also, we already observed that there is no pR 2 1 , R 3´v 3 q-path. Thus, we may assume that there is an pR 2 1 , Q 2 q-path; otherwise a gate z of R 1 1 separates pR 1 1 q v 1 and pR 1 1 q v 4 in G´T , contradicting that H´z is a path meeting both parts. Call this path X. See Figure 7 for an illustration. Then the S-cycle in
, a contradiction. Therefore no S-cycle in G´T contains a vertex of pR 1 1 q mid . ♦ Claim 6.7. No S-cycle in G´T contains a vertex of R 3 mid .
Suppose that an S-cycle H in G´T contains a vertex of R 3 mid . As G´T has no W -extension, by Lemma 4.1, H contains an pR 3 v 4 , W´V pR 3 v 4 qq-path, say X. We observed that the endpoint of X in W´V pR 3
By the construction of T , if Q 1 mid is non-empty, then we added a gate of Q 1 . It means that by Lemma 4.1, no S-cycle in G´T contains a vertex of Q 1 mid . Thus, it remains to show that no S-cycle in G´T contains a vertex of S on Q 2 Y Q 3 .
Proof. Suppose that G´T has an S-cycle H containing a vertex u of Q 2 Y Q 3 . By symmetry, we may assume that u P V pQ 2 q. First claim that the two neighbors of u in H are neighbors of u in W . Suppose for contradiction that there is a neighbor u 1 of u in H that is not a neighbor in W . As H is a cycle, following the direction from u to u 1 , either one can find a W -extension in G´T , or H meets exactly u on W . We know that both cases are not possible. So, we conclude that the two neighbors of u in H are neighbors of u in W .
Let u 1 and u 2 be the two neighbors of u in H such that
For each i P t1, 2u, let A i be the connected component of W´tv 1 , v 2 , v 4 , uu containing u i .
Assume that u " v 3 and A 2 " R 3´t v 3 , v 4 u. As H´u is a path, there is an pR 3 , W´V pR 3 qq-path in G´tv 1 , v 2 , v 4 , uu. Then it creates an S-cycle disjoint from one of R 1 1 Y R 1 2 and R 2 1 Y R 2 2 . So, this case does not appear, and furthermore, when u " v 3 , there is no pR 3 , W´V pR 3 qq-path. Thus, when u " v 3 , we have that A 1 " Q 2´t v 2 , v 3 u and A 2 " Q 3´t v 1 , v 3 u.
As H´u is a path, for each i P t1, 2u, there is a pA i , W´V pA i qq-path, say X i . As G has no two vertex-disjoint S-cycles, we may assume that the endpoint of X 1 in W´V pA i q is contained in R 2 1 Y R 2 2 , and the endpoint of X 2 in W´V pA i q is contained in R 1 1 Y R 1 2 . Recall that w is the vertex in T ztv 1 , v 2 , v 4 u.
We divide into two cases depending on whether Q 1 mid is empty or not.
• (Case 1. Q 1 mid is empty.) In this case, w is contained in Q 2 Y Q 3 . Since u ‰ w, we have u ‰ v 3 and furthermore, A 2 contains w because of the property that w is chosen as a vertex of S closest to v 3 . Since C is a cycle avoiding T , u 2 is contained in A 1 2 . Let A 1 2 be the component of A 2´w that contains u 2 . It is not difficult to check that there is no pA 1 2 , W´V pA 1 2 qq-path in G´pT Y tuuq, because of w and u. So, H cannot exist.
• (Case 2. Q 1 mid is non-empty.) By the construction of T , w is a gate of Q 1 , and thus the cycle H contains no vertex of Q 1 mid . We assume that u ‰ v 3 . We introduce an auxiliary graph F on the vertex set 
in F for some i P t1, 2u, then R 2 i has no neighbor in tR 1 1 , R 1 2 u. Now, we show that there is no path from A 1 to A 2 in F . Suppose there is a path M from A 1 to A 2 in F . By the above observation, we can see that M contains an edge between R 1 i and R 2 j for some i, j P t1, 2u. Then R 1 i is not adjacent to R 1 3´i and Q 1 v 1 , so it has to be adjacent to A 2 , and similarly, R 2 j is adjacent to A 1 . Then we can find an S-cycle using W -paths corresponding to A 2´R
. This contradicts to that H´u contains a vertex of A 1 and a vertex of A 2 . We can prove when u " v 3 similarly.
We conclude that no S-cycle in G´T contains a vertex of S on Q 2 Y Q 3 . ♦ By Claims 6.6, 6.7, and 6.8, no S-cycle in G´T contains a vertex of S in W , as required.
Proposition 6.9. If G contains an S-cycle K``4 -subdivision, then either G contains an S-cycle K3 ,3 -subdivision or τ pG, Sq ď 4.
Proof. Let W be an S-cycle K``4 -subdivision in G. Let v 1 , v 2 , v 3 , v 4 be the branching vertices of W , let P 1 , P 2 , P 3 be the certifying paths from v 1 to v 2 , let Q j be the certifying path from v 4 to v j for j P t1, 2, 3u, and let R k be the certifying path from v 3 to v k for k P t1, 2u. See Figure 8 for an illustration. Let T " tv 1 , v 2 , v 3 , v 4 u. Suppose that G contains no K3 ,3 -subdivision.
Figure 8: The K``4 -subdivision in Proposition 6.9.
Note that if there is a W -extension X in G´T whose one endpoint is in P i and the other endpoint is in Q 3 , then W Y X has an S-cycle K3 ,3 -subdivision. Thus, we may assume that such an extension does not exist. It implies that G´T has no W -extensions. Also, G´T has no S-cycle hitting W on one vertex.
We will show that G´T has no S-cycle containing a vertex in S X V pW q. If this is true, then by Lemma 4.6, T is an S-cycle hitting set and thus τ pG, Sq ď 4. By applying Lemma 4.2, we can observe that in G´T , there is no pP i , P j q-path for distinct i, j P t1, 2, 3u. Claim 6.10. Let i P t1, 2, 3u. No S-cycle contains a vertex of P i mid in G´T .
Proof. It is sufficient to prove for i " 1. For contradiction, suppose that G´T has an S-cycle C containing a vertex of P 1 mid . As G´T has no W -extension, it has no pP 1 mid , W´V pP 1 mid qq-path. By Lemma 4.1, C contains a pP 1 v j , W´V pP 1 v j qq-path for each j P t1, 2u. Call it X j . Then the endpoint of
By taking a shortest path between the endpoints of X 1 and
we can find an S-cycle disjoint from P 2 Y P 3 , which leads a contradiction. ♦ Claim 6.11. No S-cycle in G´T contains a vertex of A mid for some A P tQ 1 , Q 2 , R 1 , R 2 u.
Proof. Suppose such an S-cycle H exists. By symmetry, it is sufficient to consider when A " Q 1 .
As G has no pQ 1 mid , W´V pQ 1 mid qq-path, by Lemma 4.1, H contains a pQ 1
then there is an S-cycle disjoint from P 1 Y P 2 . Thus, we may assume that the endpoint of B is contained in P i for some i P t1, 2, 3u. If there is a pP i ,
v 1 qq-path, then by the same reason, there is an S-cycle disjoint from one formed by two other paths of P 1 , P 2 , P 3 .
Let z be the gate of Q 1 that is closer to v 1 . Let I Ď t1, 2, 3u be the set such that for i P I, there is a pP i , Q Proof. Suppose that such a cycle H exists. Let C 1 and C 2 be the two connected components of
If there is an pC 1 , C 2 q-path A, then there is an
So, there is no such a path. Also, for some i P t1, 2, 3u, if both a pC 1 , P i q-path and a pC 2 , P i q-path exist, then there is an S-cycle disjoint from an S-cycle formed by two other paths in P 1 , P 2 , P 3 . It implies that for a gate z of Q 3 closer to v 4 , z separates the two parts C 1 and C 2 in G´T . This contradicts the assumption that H´z meets both C 1 and C 2 . ♦
We conclude that G´T has no S-cycles.
Variantions of W 4 -extensions
We now know that G contains an S-cycle H-subdivision for some H P tW 4 , K3 ,3 u. In this section, we prove that G contains an S-cycle H-subdivision for some H P tW4 , W4 , W 5 , K3 ,3 u, and in the case when G contains an S-cycle H subdivision for some H P tW4 , W4 , W 5 u, we have τ pG, Sq ď 4.
Lemma 7.1. If G contains an S-cycle W 4 -subdivision, then it contains an S-cycle H-subdivision for some H P tW4 , W4 , W 5 , K3 ,3 u.
, w be the branching vertices of W such that w is the vertex of degree 4, and for each i P t1, 2, 3u, Q i be the certifying path from v i to v i`1 , and Q 4 be the certifying path from v 4 to v 1 , and for each i P t1, 2, 3, 4u, R i be the certifying path from w to v i . Note that |EpW 4 q| " 8 and |V pW 4 q| " 5. Thus, by Lemma 4.5, W contains an S-cycle hitting set T Ď S X V pW q such that |T | ď 4. Since τ pG, Sq ą 4, G´T contains an S-cycle, say C. By Lemma 4.3, either C and W meet at exactly one vertex, or C contains a W -extension X. In the former case, we have two vertex-disjoint S-cycles. So, we may assume that the latter statement holds.
Assume that the endpoints of X are branching vertices of W . If one of them is w, then G contains an S-cycle W4 -subdivision. If they are pv 1 , v 3 q or pv 2 , v 4 q, then G contains an S-cycle W4 -subdivision. Otherwise, G has two vertex-disjoint S-cycles, a contradiction.
Next, we assume that exactly one of the endpoints of X is a branching vertex. First consider when it is w. If the other endpoint is in
Secondly, we consider when one of v 1 , v 2 , v 3 , v 4 is an endpoint of X. By symmetry, we assume that it is v 1 . If the other endpoint is not in R 3 , then G contains two vertex-disjoint S-cycles. If the other endpoint is in R 3 , then G contains an S-cycle K3 ,3 -subdivision, as required.
Lastly, suppose that both endpoints are not branching vertices. If both are contained in
Otherwise, we can find a path between the endpoints in W´w that contains at most two vertices of tv 1 , v 2 , v 3 , v 4 u, and thus we can find an S-cycle disjoint from one going through w and two remaining vertices in tv 1 , v 2 , v 3 , v 4 u Thus, we have two vertex-disjoint S-cycles, a contradiction. Proposition 7.2. If G contains an S-cycle W4 -subdivision, then either it contains an S-cycle K3 ,3 -subdivision or τ pG, Sq ď 4.
Proof. Let W be an S-cycle W4 -subdivision in G. Let v 1 , v 2 , v 3 , v 4 , w be the branching vertices of W , let P 1 , P 2 be the certifying paths from v 1 to w, Q j be the certifying path from v j to v j`1 for j P t1, 2, 3u, Q 4 be the certifying path from v 4 to v 1 , and R k be the certifying path from w to v k for k P t2, 3, 4u. See Figure 9 for an illustration. Suppose that G has no S-cycle K3 ,3 -subdivision. Figure 9 : The W4 -subdivision in Proposition 7.2.
Let T be the set obtained from tv 1 , wu by adding the vertex of S in pQ 1 Y Q 2 q´v 1 that is closest to v 3 if one exists and then adding the vertex of S in pQ 3 Y Q 4 q´v 1 that is closest to v 3 if one exists. Note that if v 3 P S, then v 3 P T .
We observe that G´tv 1 , wu has no W -extension. Indeed, if there is a W -extension whose endpoints are in P 1 YP 2 , then it creates an S-cycle disjoint from R 3 YR 4 YQ 3 , while if there is a Wextension whose endpoints are in W´V pP 1 Y P 2 q, then it creates an S-cycle disjoint from P 1 Y P 2 . Assume that one endpoint is in P 1 Y P 2 and other endpoint is not in
If this endpoint is v 3 , then it is an S-cycle K3 ,3 -subdivision, a contradiction. Thus, G´tv 1 , wu has no W -extension. Furthermore, G´tv 1 , wu has no S-cycle meeting W on exactly one vertex.
• there is no pP 1 , P 2 q-path, and
• for i P t1, 2u and j P t2, 4u, there is no pP i , R j´v j q-path.
Proof. It is sufficient to show for i " 1. Suppose that G´T contains an S-cycle H containing a vertex of P 1 mid . As G´T has no W -extensions, G´T has no pP 1 mid , W´V pP 1 mid qq-path. As tv 1 , wu Ď T , by Lemma 4.1, H contains a pP 1 v , W´V pP 1 v qq-path for each v P tv 1 , wu, say
We observed that there is no pP 1 , P 2 q-path and no pP 1 , R i´v i q-path for i P t2, 4u in G´T . Thus, the endpoint of X w in W´V pP 1 w q is contained in R 3 . If the endpoint of X v 1 is contained in Q 1 Y Q 2 , then by taking a shortest path between endpoints of X v 1 and X w in Q 1 Y Q 2 Y R 3 , we can find an S-cycle disjoint from P 2 Y R 4 Y Q 4 . By symmetry, when the endpoint of X v 1 is contained in Q 3 Y Q 4 , we can find an S-cycle disjoint from P 2 Y R 2 Y Q 1 . These are contradictions. Therefore, the claim holds. ♦ Claim 7.4. Let i P t2, 3, 4u. No S-cycle in G´T contains a vertex of R i mid .
Proof. Suppose that G´T contains an S-cycle H containing a vertex of R i mid . First assume that i " 3. As G´T has no W -extensions, it has no pR 3 mid , W´V pR 3 mid qq-path. As w P T , by Lemma 4.1, C contains an pR 3 w , W´V pR 3 w qq-path, say X w . If the endpoint of X w in W´V pR 3 w q is not contained in P 1 Y P 2 , then it creates an S-cycle disjoint from P 1 Y P 2 . So, we can assume that the endpoint is contained in P 1 Y P 2 . Without loss of generality, we assume that it is contained in P 1 . If there is also an pR 3 w , P 2 q-path B, then
there is no pR 3 w , P 2 q-path. It shows that for every W -path in G´T whose one endpoint is in R 3 w , the other endpoint is contained in R 3 w Y P 1 . Now, suppose that there is a W -path B in G´T whose one endpoint is in P 1 . We know that G´T has no pP 1 , pP 2 YR 2 YR 4 q´tv 2 , v 4 uq-path. If B is a pP 1 , R 3´V pR 3 w q´v 3 q-path, then there is an S-cycle disjoint from
, then by taking a shortest path between the endpoints of X w and B in Q 1 YQ 2 YQ 3 YQ 4 YR 3 , we can find an S-cycle disjoint from one of P 2 YQ 1 YR 2 and P 2 YR 4 YQ 4 . So, this is not possible. We conclude that the endpoint of B is contained in P 1 Y R 3
w . This implies that the gate of R 3 closer to w separates P 1 Y R 3 w from the rest of W in G´T . This contradicts that there is an S-cycle containing a vertex of R 3 w and a vertex of R 3 v 3 . Now, we assume that i P t2, 4u. It is sufficient to show for R 2 by symmetry. Since G´T has no W -extension, it has no pR 2 mid , W´V pR 2 mid qq-path. As w P T , by Lemma 4.1, C contains an pR 2 w , W´V pR 2 w qq-path, say X w . The endpoint of X w in W´V pR 2 w q cannot be contained in P 1 Y P 2 , because there is no pP 1 Y P 2 , R 2´v 2 q-path. But otherwise, we can find an S-cycle disjoint from P 1 Y P 2 , a contradiction. Thus, we prove the claim. ♦
We prove the last claim.
Proof. Suppose that such a cycle H exists. By the definition of T , if v 3 P S, then v 3 P T . So, by symmetry, we may assume that H contains a vertex of S in pQ 1 Y Q 2 q´tv 1 , v 3 u. Note that it is possible that v 2 P S and H contains v 2 .
Let u be a vertex of S contained in V pQ 1 Y Q 2 q X V pHq. First claim that the two neighbors of u in H are neighbors of u in W . Suppose for contradiction that there is a neighbor u 1 of u in H that is not a neighbor in W . As H is a cycle, following the direction from u to u 1 , either we can find a W -extension in G´T , or H meets exactly u on W . As G´T has no W -extension, H meets exactly u on W . But in this case, H is disjoint from P 2 Y R 4 Y Q 4 , a contradiction. Thus, the two neighbors of u in H are neighbors of u in W .
Assume that u " v 2 and one neighbor of u in H is contained in R 2 . As H is connected, in G´tv 1 , w, uu, there is a path from R 2 to another component of G´tv 1 , w, uu. If the other endpoint is not contained in P 1 Y P 2 , then one can find an S-cycle disjoint from P 1 Y P 2 , because v 2 P S. But G´T has no pR 2 , P 1 Y P 2 q-path. So, this is not possible. We may assume that when u " v 2 , the two neighbors of u in H are contained in Q 1 and Q 2 , respecitvely.
Let u 1 be the neighbor of u in H such that dist Q 1 YQ 2 pu 1 , v 3 q is minimum. Let a be the vertex of S in pQ 1 Y Q 2 q´v 1 that is closest to v 3 . As a P T and H does not contain a, we have that a ‰ u and they are not neighbors in W . Let X be the connected component of G´T´u containing u 1 . Because H´u is connected, there is a pX, W´V pXqq-path, say B.
If the endpoint of B in W´V pXq is not contained in P 1 Y P 2 , then there is an S-cycle disjoint from P 1 Y P 2 because a, u P S. So, we may assume that this endpoint is contained in P 1 Y P 2 . Proof. Let W be an S-cycle W4 -subdivision in G. Let v 1 , v 2 , v 3 , w 1 , w 2 be the branching vertices of W , let P i be the certifying path from w 1 to v i for i P t1, 2, 3u, let Q j be the certifying path from w 2 to v j for j P t1, 2, 3u, let R k be the certifying path from v k to v k`1 for k P t1, 2u, and let R 3 be the path from v 3 to v 1 . Observe there is a rotational symmetry of W along the cycle R 1 Y R 2 Y R 3 . See Figure 10 for an illustration. Let T " tv 1 , v 2 , v 3 u.
We claim that G´T has no S-cycle containing a vertex in W . Suppose such a cycle C exists. By applying Lemma 4.2, we can observe that in G´T , there is no pX i , R j q-path for X P tP, Qu and distinct i, j P t1, 2, 3u. If X i and R j share an endpoint, then it is easy. Suppose X i and R j do not share an endpoint; for example, consider R 1 and P 3 . If there is a pR 1 , P 3 q-path in G´T , one of the two paths from an endpoint in R 1 to w 1 in P 1 Y P 2 Y R 1 , and this together with a subpath in P 3 forms an S-cycle disjoint from one of
Both are contradictions. We conclude that G´T has no S-cycle meeting W , and τ pG, Sq ď 3.
Proof. Let W be an S-cycle W 5 -subdivision in G. Let v 1 , v 2 , v 3 , v 4 , v 5 , w be the branching vertices of W where w is the vertex of degree 5 in W . For each i P t1, 2, 3, 4u, let Q i be the certifying path from v i to v i`1 , and let Q 5 be the certifying path from v 5 to v 1 , and for each i P t1, 2, 3, 4, 5u, let R i be the certifying path from v 5 to v i . Let Q :" Q 1 Y¨¨¨Y Q 5 . We choose any vertex q of S in Q and set T " tw, qu.
We observe that G´w has no W -extension. Suppose such a W -extension P exists and let x, y be its endpoints. In W´w, there is a path from x to y containing at most three vertices of tv 1 , . . . , v 5 u. Then P with this subpath forms an S-cycle disjoint from an S-cycle of W going through w and the two remaining vertices of tv 1 , . . . , v 5 u. Furthermore, G´w has no S-cycle meeting W on exactly one vertex.
By applying Lemma 4.2, we can observe that in G´T , there is no pR i´v i , R j´v j q-path for distinct i, j P t1, 2, 3, 4, 5u.
Claim 7.8. Let i P t1, 2, 3, 4, 5u. No S-cycle in G´T contains a vertex in R i mid .
Proof. It suffices to show for i " 1. Suppose that G´T has an S-cycle H containing a vertex of R 1 mid . As G´T has no W -extension, it has no pR i mid , W´V pR i mid qq-path. So, by Lemma 4.1, there is an pR i w , W´V pR i w qq-path in G´T , say X. Let y be the endpoint of X such that y R V pR i w q. Since G´T has no pR a´v a , R b´v b q-path for distinct a, b P t1, 2, 3, 4, 5u, y is in
Proof. Suppose that such an S-cycle H exists and let x P V pHq X V pQq X S. As G´T has no W -extension, the neighbors of x in H are contained in W , and furthermore, when x " v i for some i, its neighbor in H is not contained in R i . Since q P T , q is not a neighbor of x in W . Let x 1 , x 2 be the neighbors of x in H, and let C 1 , C 2 be the connected components of W´T´x containing x 1 , x 2 .
Suppose there exists pC 1 , W´V pC 1 qq-path X and let y, z be the endpoints of X such that y P V pC 1 q. Clearly, any path from y to z in W´w contains a vertex of S. It is not difficult to see that there is a path from y to z in W´w contains at most three vertices of tv 1 , . . . , v 5 u. Then X and this subpath create an S-cycle disjoint from the cycle going through w and two remaining vertices of W . This is a contradiction. ♦
We conclude that G´T has no S-cycles, and τ pG, Sq ď 2.
K3 ,3 -subdivision case
We complete the proof of Theorem 1.2 by showing that if G contains an S-cycle K3 ,3 -subdivision, then τ pG, Sq ď 4.
Proof. Let W be an S-cycle K3 ,3 -subdivision in G. Let v 1 , v 2 , v 3 , w 1 , w 2 , w 3 be the branching vertices of W such that ptv 1 , v 2 , v 3 u, tw 1 , w 2 , w 3 uq corresponds to the bipartition of K 3,3 , and there is also additional certifying path from v 1 to v 2 . For each i, j P t1, 2, 3u, P i,j be the certifying path from v i to w j , and let Q be the additional certifying path from v 1 to v 2 . Let T be the set obtained from tv 1 , v 2 , v 3 u by adding a gate of Q if Q mid is not empty. Let B " tv 1 , v 2 , v 3 , w 1 , w 2 , w 3 u.
• for i P t1, 2u and distinct j 1 , j 2 P t1, 2, 3u, there is no pP i,j 1 , P i,j 2 q-path except when both endpoints are w j 1 and w j 2 , and
• for i P t1, 2u and j P t1, 2, 3u, there is no pP i,j , Qq-path.
As it is not clear as for other H-subdivisions, we show in the next claim that there is no W -extension contained in G´T . Claim 8.2. There is no W -extension in G´T .
Proof. Note that W´tv 1 , v 3 u is a tree. Suppose G´T has a W -extension X. Let x, y be the endpoints of X.
Suppose that x P V pQq. In this case, the unique path from x to y in W´tv 1 , v 3 u uses at most one vertex of tw 1 , w 2 , w 3 u. Let w j 1 , w j 2 be two vertices not contained in the path from x to y in W´tv 1 , v 3 u. Then the union of X and the path from x to y in W´tv 1 , v 3 u is disjoint from P 1,j 1 Y P 1,j 2 Y P 3,j 1 Y P 3,j 2 , a contradiction. So, we may assume that X has no endpoint in V pQq.
Suppose that x " w 1 . If y " w j for some j P t2, 3u, then two S-cycles X Y P 3,1 Y P 3,j and Q Y P 1,5´j Y P 2,5´j are vertex-disjoint, which is a contradiction. So, we may assume that y R tw 2 , w 3 u. Then there is a path from w 1 to y in W , which contains at most one vertex of tv 1 , v 2 , v 3 u. It implies that there are two vertex-disjoint S-cycles, a contradiction. By the same argument, we may assume that any of w 1 , w 2 , w 3 is not an endpoint of X. Now assume that the two endpoints of X are contained in p Ť i,jPt1,2,3u V pP i,j qqzB. In case when the two certifying paths containing x and y share an endpoint, then it is easy to see that there are two vertex-disjoint S-cycles. We assume that the two paths, say P i 1 ,j 1 and P i 2 ,j 2 , containing x and y respectively, do not share an endpoint. Let i 3 P t1, 2, 3uzti 1 , i 2 u and j 3 P t1, 2, 3uztj 1 , j 2 u. In this case, the S-cycle in P i 1 ,j 1 Y P i 2 ,j 2 Y P i 2 ,j 1 Y X is disjoint from the S-cycle P i 1 ,j 2 Y P i 1 ,j 3 Y P i 3 ,j 2 Y P i 3 ,j 3 , which leads a contradiction. ♦ Also, G´T has no S-cycle meeting W on exactly one vertex. We will show that G´T has no S-cycle containing a vertex in S X V pW q. If this is true, then by Lemma 4.6, T is an S-cycle hitting set and thus τ pG, Sq ď 4. By the choice of T and Lemma 4.1, no S-cycle contains a vertex of Q mid . Claim 8.3. Let i P t1, 2u and j P t1, 2, 3u. No S-cycle in G´T contains a vertex of S in P i,j .
Proof. First we show that no S-cycle in G´T contains a vertex in P i,j mid . By symmetry, it is sufficient to show for i " j " 1. Suppose for contradiction that there is such an S-cycle. As every pP v 1 q. We analyze the remaining cases. If y P V pP t,1 q for some t P t2, 3u, then Y with the subpath of P 1,1 Y P t,1 from x to y forms an S-cycle disjoint from P 1,2 Y P 1,3 Y P 5´t,2 Y P 5´t,3 . If y P V pP p,q qzB for some p, q P t2, 3u, then the S-cycle in Y Y P 1,1 Y P p,1 Y P p,q is disjoint from the S-cycle P 1,2 Y P 1,3 Y P 5´p,2 Y P 5´p,3 . So, both cases are not possible. Thus, there is no pP v 1 qq-path, a contradiction. We conclude that no S-cycle in G´T contains a vertex in P i,j mid for all i P t1, 2u and j P t1, 2, 3u. Now, we assume that w k P S and there is an S-cycle H in G´T containing w k . As G´T has no W -extension, the two neighbors of w k in H are contained in W . So, one of the neighbors of w k in H is contained in V pP i,j qzB for some i P t1, 2u and j P t1, 2, 3u. Then by the above argument for i P t1, 2u and j P t1, 2, 3u, we can show that such an S-cycle does not exist. ♦ Claim 8.4. Let i P t1, 2, 3u. No S-cycle in G´T contains a vertex of P 3,i mid .
Proof. It suffices to show for i " 1. Suppose for contradiction that such an S-cycle H exists, and let z P V pHq X V pP 3,i mid q X S. As G´T has no W -extension, the two neighbors of z in H are the neighbors of W . Let z 1 , z 2 be the two neighbors of z such that dist P 3,i pv 3 , z 1 q ď dist P 3,i pv 3 , z 2 q, and let C 1 , C 2 be the two components of W´T´z containing z 1 , z 2 , respectively. Since H´z is a path, there is a pC 2 , W´V pC 2 qq-path in G´T , say Y . Let y 1 and y 2 be the endpoints of Y such that y 1 P V pC 2 q. We divide into cases depending on the place of y 1 .
• (Case 1. y 1 P V pP 3,1 qztw 1 u.)
Clearly, y 2 cannot be in P 3,1 . Assume that y 2 P Ť jPt1,2,3u,kPt2,3u V pP j,k q. Without loss of generality, we assume that y 2 P Ť jPt1,2,3u V pP j,2 q. Then the S-cycle in Ť jPt1,2,3u V pP j,2 q Y P 3,1 Y Y containing Y is disjoint from the S-cycle P 1,1 Y P 2,1 Y Q, a contradiction. Thus, we may assume that y 2 P V pQq. Note that one of the two paths from y 2 to w 1 in P 1,1 Y P 2,1 Y Q contains a vertex of S, because P 1,1 Y P 2,1 Y Q is an S-cycle. By taking the union of Y and the path from y 2 to w 1 containing a vertex of S and the path from y 1 to w 1 in P 3,1 , we obtain an S-cycle, which is disjoint from one of P 1,2 Y P 1,3 Y P 3,2 Y P 3,3 and P 2,2 Y P 2,3 Y P 3,2 Y P 3,3 . This is a contradiction.
• (Case 2. y 1 P V pP 1,1 Y P 2,1 q. )
By symmetry, we may assume that y 1 P V pP 1,1 q. By a similar reason as in Case 1, y 2 cannot be in Ť kPt1,2,3u V pP 3,k q. As G´T has no pQ, P 1,1 q-path, y 2 is not contained in Q. Suppose y 2 P V pP j,k qzB for some j P t1, 2u and k P t2, 3u. The subpath from y 1 to y 2 going through w 1 , v 3 , w k forms an S-cycle together with Y . Then this S-cycle is disjoint from one of Q Y P 1,2 Y P 2,2 and Q Y P 1,3 Y P 2,3 . This is a contradiction. It implies that y 1 cannot be in V pP 1,1 q, and similarly, it cannot be in V pP 2,1 q.
